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Abstract

Finite element models, implemented in the computer code EURDYN-
3M, are presented for the prediction of the non-linear response of
three-dimensional fluid-structure systems exposed to transient dy-
namic loading.

An arbitrary Lagrangian-Eulerian kinematical description of the
fluid domain is adopted in which the grid points can be displaced inde-
pendently of the fluid motion. This formulation leads to an easy and
accurate treatment of fluid-structure interfaces and permits signifi-
cant fluid sloshing and swirling to occur without producing excessive
distorsions of the computational mesh.

Two numerical examples are presented to illustrate the potential
of the proposed modelling procedures.
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1 Introduction

The analysis of problems in nuclear reactor safety and in several other en-
gineering fields often requires a study of fluid-structure systems exposed to
transient dynamic loading. For example, the evaluation of structural in-
tegrity of reactor components under postulated energy excursions involves
the analysis of structures of complex shape and their interaction with the
fluid in which they are embedded. Furthermore, during these energy ex-
cursions both the fluid and the structure undergo non-linear response.

These needs for safety evaluations have motivated the developement of
computational methods capable to treat transient, non-linear fluid-structure
interaction problems. Until fairly recently, numerical solutions to problems
of fluid-structure interaction have been achieved by the finite difference
method. Rather than attempting a necessarily superficial survey of the
many computational techniques developed in this area (see for istance [1]
for an overview), we simply wish here to underline the leader role played by
the Los Alamos, Livermore, and Argonne groups in these developements.

In recent years, the alternative finite element method (FEM), well proven
in the structural mechanics field, has been successfully extended to deal
with problems in fluid mechanics. Such extension, combined to the natural
ability of the FEM to arbitrarily mix fluid and structural subdomains, has
originated a new and very versatile computational technique for problems
of fluid-structure interaction.

Applications of FEM to hydro-structural problems have first been re-
ported by Belytschko and Kennedy [2] and then by Donea, Giuliani and
Fasoli-Stella [3]. In these studies, a purely Lagrangian method was em-
ployed for the kinematical description of the fluid domain. This approach
is limited by its inability to cope easily with the strong distorsions which
often characterize flows of interest.

Furthermore, although a clear delineation of fluid-structure interfaces
is in principle afforded by the Lagrangian description, a complicated slide-
surface logic has to be introduced to treat the relative sliding at the interface
between an inviscid fluid and a structure. On the other hand, if the fluid
motion were described in Eulerian coordinates, strong distorsions could be
handled with relative ease, but at the expense of precise interface definition
and great complexity in handling fluid-structure coupling.



Because of the shortcomings of purely Lagrangian and purely Eulerian
descriptions, efforts have recently been expended in the finite element area
to develop integrated procedures with generalized kinematical descriptions
of the fluid domain that possess both Eulerian and Lagrangian features.

These generalized descriptions are usually referred to as mixed Lagrangian-
Eulerian, or Arbitrary Lagrangian-Eulerian (ALE) methods and were orig-
inally developed by Noh, Trulio and Hirt, Amsden and Cook [4,5,6] in
finite difference formats. The theoretical framework for mixed Lagrangian-
Eulerian finite element descriptions has been established by Hughes et al.
[7] in the context of viscous, incompressible flows. ALE finite element meth-
ods for inviscid, compressible flows have been reported by Belytschko et al.
and Donea et al. (8,9,10,11,15,17,20].

The purpose of the present report is to describe an ALE finite ele-
ment method with automatic and continuous rezoning of the fluid mesh
developed at the Joint Research Centre Ispra to predict the response of
three-dimensional fluid-structure systems subjected to transient dynamic
loading.

We first recall the basic concepts underlying the Arbitrary Lagrangian-
Eulerian description and present the ALE form of the basic equations gov-
erning the flow of a compressible, inviscid fluid.

This is followed by a description of the ALE fluid analysis algorithm
which includes space discretization by finite elements, numerical time inte-
gration of the semi-discrete equations and a discussion of the prescription
we propose for the automatic motion of the hydrodynamic grid.

The structural analysis algorithm is then presented and fluid-structure
coupling in the ALE formulation discussed.

Finally, two numerical examples are presented to illustrate the potential
of the proposed modelling procedures.



2 The Arbitrary Lagrangian-Eulerian formu-
lation

In this section, we first recall the basic theoretical concepts underlying the
Arbitrary Lagrangian-Eulerian (ALE) formulation.

To start with, a brief account is given of the classical concepts of La-
grangian and Eulerian descriptions of the motion of a continuum. Then
the ALE description is introduced and the notion of material derivative in
this generalized kinematical description is examined.

On this basis, we derive ALE differential forms for the basic conservation
equations of mass, momentum and energy and develop the associated weak

variational forms which provide a basis for the formulation of finite element
models.

2.1 Lagrangian and Eulerian descriptions of motion

Consider a continuum B in the N-dimensional vector space RN (N=1,2
or 3) with basis ¢;,¢ = 1,...,N and an open time interval J 0,T C €
R. We shall use the terms particle or material point to denote a small
volumetric element of the continuum B. The motion of B is described by
the trajectories along which the material points of the continuum move in
space.

Be X a material point of B. During time, B always consists of the
same material points though its configuration vary. We shall denote by Rx
the configuration of B at the initial time ¢, and by R, its configuration at
the present time ¢ ; Ry is called the material domain and R, the spatial
domain.

In the initial configuration Rx , a representative particle of the contin-
uum occupies a point P, in space (see Fig.1) and has the position vector

X=(X),i=1,...,N (1)

with respect to rectangular Cartesian axes. In the current configuration R,
the particle originally at P, is located at the point P and has the position
vector

x=(z),i=1,...,N 2)



The coordinates X; are called material coordinates, while the coordinates
z; are called spatial coordinates.

The motion of B during time is described by the application
®:Rxx 130,TC— RV, (3)

X,t ~ x (4)

such that, at any fixed time ¢, the image of Ry be R, and the image of
X € Rx be x € R,. This yields the system of equations

x¢=<I>.-(X,~,t),i=1,...,N (5)

which relates the components of the position vectors X and x of the material
point X in the material domain Rx and in the spatial domain R,. Equation
(5) may be interpreted as a mapping of the initial configuration of the
continuum into its current configuration.

It is assumed that such a mapping is one-to-one and continuous, with
continuous partial derivatives to whatever order is required. As a conse-
quence, the Jacobian of trasformation (5) should not vanish

Oz

J =
3X;

#0 (6)

In these conditions, there exists an inverse for transformation (5) which
reads

X.'=\I’,'(2:j,t), t=1,...,N (7)

Equation (7) may be interpreted as one which provides a tracing to its
original position of the particle that now occupies the location x.
The displacement vector u from Rx to R, is defined by

u=x-X (8)

The components of u can be expressed either in terms of the material
coordinates of X through the law of motion (5) :

u = uy(X;,t)e; (9)



or in terms of the spatial coordinates of X through (7) :

u= U,-(:ck,t)e,- (10)

The representation (9) of the displacement is called Lagrangian, while rep-
resentation (10) is called Eulerian.

It is noted that the Lagrangian description of motion fixes the attention
on the material points of the continuum, while the Eulerian description
considers a fixed portion of the space occupied by the continuum and ex-
amines what goes on there during time. It follows that in the Lagrangian
description the mesh of grid points moves with the continuum, while in the

Eulerian description the computational mesh is kept fixed and the contin-
uum moves through it.

2.2 ALE description of motion

The Arbitrary Lagrangian-Eulerian (ALE) description represents a gener-
alization of the purely Lagrangian and purely Eulerian descriptions of the
motion of a continuum. In fact, the ALE description fixes the attention
neither on material points nor on a fixed region of space, but on what we
shall call reference points which may be moving with the continuum, but
independently from the motion of its material points.

In order to introduce the law of motion of the reference points, it is
convenient to consider, in addition to the material and spatial domains
Ry and R., a third domain Ry, called referential domasn. This referential

domain will play for the reference points the role played by Rx for the
material points.

With reference to the same rectangular Cartesian axes as before, let

£€=(%&),i=1,...,N (11)

represent the position vector of a reference point Qg in the initial config-
uration of the referential domain R (see fig.1). The coordinates &; of the
reference point Qg are called mized coordinates.

One then defines the motion of the reference points by the application

&:R;x20,TCc— RN (12)



€t ~ x (13)

such that, at any fixed time ¢, the image of R¢ be R, and any given point
x of the spatial domain R; be the image of a reference point £ € R¢. One
therefore writes

z; = &;(¢;,t),s=1,...,N (14)
and it is assumed that the vector function & and its partial derivatives to
whatever order is required are continuous in ¢; and t.

In addition, for the mapping represented by ® to be one-to-one, the
mixed Jacobian J of transformation (14) should not vanish

9z;
9¢;

At this point, it is important to note that, at any time ¢, one may associate
with each point x of the spatial domain R, one material point P with
coordinates X; in the material domain Ry and one reference point Q with
coordinates {; in the reference domain R

x = ®(X;,t) = &(¢,t) (16)

Clearly, the above two points only coincide in x at a given time t. Later
on, each of these points will move with its own law of motion.

For the material points, the velocity v at time t is given by the timec
derivative of the position vector (5) taken with X held fixed

oo x(X0)| _ du(X;,t)
R ™

J= #0 (15)

(17)

Relation (17) gives a Lagrangian representation of the velocity.

As far as the reference points are concerned, the displacement vector 1
from R, to R, is given by

G=x—§=10(,t) (18)
Therefore, the velocity w of the reference points is given by
W = Ox (&, t) _ i (s, t) (19)
at ¢ ot ¢



By specializing the definition of the reference domain R¢ and of the law &
of its motion, one can recover the classical kinematical descriptions. For

instance, selecting R¢ = Rx and =9 yields the Lagrangian description
for which relations (18,19) give

i=x-X=u (20)

w=v (21)

On the other hand, choosing B¢ = R, and & as the identity transformation,

we recover the Eulerian description. In this case, £ = x and relations
(18,19) give

i=w=0 (22)

Summarizing, we have seen that the ALE description has no basic depen-
dence on particles and treats the computational mesh as a reference frame
which may be moving with an arbitrary velocity w. Depending on the value
of the velocity w, the following basic viewpoints may be individuated:

1. w = 0 : the computational mesh is fixed in space; this corresponds
to the Eulerian viewpoint.

2. w = v : the mesh moves in space at the same velocity as the particles;
this corresponds to the Lagrangian viewpoint.

3. w # v # 0 : the mesh moves in space at a velocity w which is in
principle arbitrary; this is the ALE viewpoint. Details on the practical
selection of the mesh velocity w are given in section 3.2.

2.3 Material, spatial and mixed derivatives

Let us consider a physical property F' of the continuum B and denote by
f(z;,t), f*(X;,t) and f**(&;,t) its spatial, material and mixed representa-
tions, respectively. In order to evaluate the time rate-of-change of property
F, one has the choice between three types of derivative :

o The material derivative is the variation of F per unit time felt by an

observer moving with the material points. It is here denoted by the
symbol %’;—‘.



e The spatial derivative of F is the variation per unit time at a fixed

point in space; it is here represented by the notation %L‘.

o The mized derivative of F is the variation per unit time felt by an

observer moving with the reference points; it is here represented by

the notation % .
3

When F is in material representation, its material derivative is readily
calculated, since

DF _ 85" (X;,t)
Dt At |y

When F is given in spatial representation, its material derivative includes
two terms and is given by

(23)

DF _ 8f of | z;

Dt — at x+ dz;|, Ot | (24)
_ 9 of
= Ge| tulent) 52 . (25)

The first term in the right-hand side of (25) is the spatial derivative and
the second term is the convective term of the material derivative.
Finally, when F is given in mixed representation by f **(;,t), its mate-

rial derivative reads
DF _ af*
Dt at

aft‘
¢ 9

The first term in the right-hand side of (26) is the mixed derivative of F;
the second term is the convective term which may be expressed in terms
of the relative velocity (v — w) of the material point with respect to the
reference point. To see this, we consider relation (16), i.e.

9%
T

(26)

X

I,' = <I>,(X,t) = éj(f, t) (27)

and take its partial derivative with respect to time with X held fixed. One
obtains
62:,-

oz;| _ 989%;
at

x ot

_ 9%,

2%;| | 9%,
x ot

£ af.

ot




or, in view of the definitions (17) of the particle velocity v and (19) of the
reference point velocity w:

6:1:,- 8£.|
T 0, ot i
Expression (29) indicates that
| _ &
ol = e-e 28 (30

so that expression ( 26 ) of the material derivative in mixed description can
be transformed into

DF _ o/ af”| a&

— = + (v — wy — 31

Dt at ¢ (v i) 9§ |, 9z;|, (31)
or, equivalently

DF af* af(x,t)

As we shall see in the next section, expression (32) of the material deriva-
tive in mixed description is of fundamental importance for the formulation

of ALE differential forms of the basic conservation equations for mass, mo-
mentum and energy.

2.4 Conservation laws in the ALE description

To simplify the subsequent developements, we shall write the material
derivative in the ALE description given in (32) in the form

D
— = F* + F; 33
o = F' +&F, (33)

where F* indicates the partial derivative with respect to time for a given
reference point £, while ¢; represents the components of the relative velocity
of the material point X with respect to the reference point ¢, i.e.

Ci = Uy — w; (34)
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In (33) and the following equations, a comma followed by an index indicates
partial derivative with respect to the corresponding spatial coordinate.

With the above notations, the equations which govern the continuum
in the ALE description are the following three conservation equations (see
references [13,15,20] for details):

e Mass equation

e’ +cigi = —ovi; (35)
o Momentum equation
ov; + gejvij =055+ 0b;, t=1,...,N (36)
o Energy equation
ee” + pcie; = (04;vi) ; + ebiv; (37)

In relations (35-37), g is the density, 0;; Cauchy stress tensor, b body forces
per unit mass and e the total internal energy given by

o1
e=1t+ Uil (38)
where 1 is the specific internal energy. Thermal effects have been neglected

in the form (37) of energy conservation.
One may also write an internal energy equation in the form

ov* + ocit; = 04 D;; (39)
where 1
Dij = 5 (vij + v) (40)

is the rate of deformation (or stretching) tensor. Since
01" = (pt)" —ig" (41)

we note that, using the mass equation (35), the internal energy equation
may be rewritten in the computationally more attractive form

(e2)" + ci(ed); + etvig = 0y Dy; (42)
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For an inviscid compressible fluid one has

Oiy = —p&,-,- (43)

where p is the pressure and §; the Kronecher delta. In this case

0iiDi; = —pu;; (44)

and the internal energy equation ( 42 ) reads

(e2)" + ci(ed) ; = — (i + p)vig (45)

2.5 Weak variational form of the ALE conservation
equations

We shall now develop weak variational forms of the ALE conservation laws

which will provide the basis for space discretization using finite element
modelling.

2.5.1 Mass equation

The ALE differential form (35) of the mass equation may be rewritten as

a2
a—f:(w—v)-ve-gv.v (46)

where, for simplicity, the time derivative g* for an observer moving with
the reference points is noted %f.

Multiplying this equation by an arbitrary weighting function ¥ and
integrating over a control volume V(t), we obtain the following weak form
of the mass conservation equation,

de
% av = ~v)-VodV — V.vdy (47
/V o Yot =, ¥v =) Ved /V O (47)

A useful particular form of (47) may be derived by assuming that the
density is constant over the control volume V(t). In this case, we have

Vo = 0 and the weighting function ¥ may be chosen as unity. It follows
that (47) reduces to the simple form

do f’
% . _ vdV = — ‘ndS 48
/V 0 /V NS R (48)



_12_

which may be further transformed into

d

= dv = —v):-ndS 49
dt V(!)e s(‘)g(w v) n ( )

This integral form of the statement of conservation of mass will be em-
ployed in finite element models assuming an elementwise uniform density.
In passing from (48) to (49) we have used the identity

2.5.2 Internal energy equation

The weak form of the internal energy equation (45) is derived in complete
analogy with what has been done for the mass equation. It reads

3, . .
/V o Vap@)dV = /V o TV =)V (ei) dV - /V o M@ tp) V-vav (51)

If the density of internal energy gi is assumed uniform over the control

volume V' (t), the following integral statement may be deduced from the
weak form (51) of the internal energy equation

d
G =4 ilw-v). s-[ pVeovav (52
dt Jv(r) erdv 5(t) ¢i(w-v)-nd v(e)p M (52)

This integral form will be used in connection with ALE finite element mod-
els in which an elementwise uniform density of internal energy is assumed.

2.5.3 Momentuin equations

For an inviscid fluid, the ALE differential form (36) of momentum conser-
vation reduces to the simple form

dv;
—a%= (W—v):Vu; + gb; —

dp
a.'l:.'

Equation (53) must be supplemented with appropriate boundary condi-
tions. We shall assume that on portion S; of the boundary the velocity

(63)
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is prescribed, whereas on the remaining portion S, the components T; of
boundary loads are imposed

—nibip="T; (54)

The weak form of the momentum equation is obtained multiplying (53)
by an arbitrary admissible (i.e. vanishing on S,) variation 6v; of the fluid
velocity followed by integration over V (t). After integration by parts of the
pressure term, use of the divergence theorem and of the stress boundary
relation (54), the following result is obtained

8v.- _

/V(t) bv;p 5t dv = /v(') bvio(Ww —v) - Vy;dV +
f Sv;b; AV +
V()
/ 9 (v av +
V(:)pax.- )
f §uiT; dS (55)
Sa(t)

Equation (55) provides the basis for the formulation of spatially discrete
models of the momentum equations using finite element approximations.
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Spatial
Domain

Material -~ =
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Figure 1: Schematic diagram of domains and mappings for the ALE de-
scription.
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3 Fluid analysis algorithm

Three distinct tasks are involved in the construction of an ALE finite ele-
ment algorithm for transient fluid flow. These are :

1. to derive spatially discrete models of the ALE conservation equations
using finite element modelling;

2. to prescribe the kinematics of the hydrodynamic mesh, i.e., to specify
the nodal values of the grid velocity w;

3. to integrate the semi-discrete conservation equations forward in time
to obtain the transient response.

3.1 Spatially discrete models

For the purpose of providing a framework for our discussion of spatially
discrete models of the ALE conservation equations, we will first define the
basic variables in the form of local approximations over a typical finite
element. We will use the following notation :

u; lower case subscripts denote components of a vector;

® uy upper case subscripts denote node numbers;

e denotes a typical finite element;

- denotes a time derivative.

The usual assumption in discretizing partial differential equations in finite
element schemes is that the functional dependence of the variables in space
and time can be separated, so that any local vector field ui(z,t) in an
element can be described as product of shape functions Ni(z) that are

independent of time and nodal values u;;(t) which are independent of z
and incorporate the time dependence

u,-(x,t) = N[(x)‘u,'](t) (56)
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Here the fluid velocity v and the arbitrary grid velocity w will be interpo-
lated over a typical finite element by the same shape functions

v.-(x,t) = N[(X)v;](t)
w,-(x,t) = N;(x)w.-;(t) (57)

Another set of shape functions is usually employed for the local description
of the density p and for the density of internal energy o

e(x,t) = ®;(x)es(t)
ai(x,t) = ®,(x)ei,(t) (58)

While shape functions N must ensure inter-element continuity of the ve-
locities v and w, this is not necessarily the case for shape functions ®.
In general, the fluid properties in ( 58 ) are interpolated by a polynomial
which is at least one order less than that for the velocities.

In the remainder of this report, the discussion of 3D fluid finite element
models will be restricted to the 8-node hexahedral element which has been
implemented in the computer code EURDYN-3M. For the fluid domain dis-
cretization, 4, 5 and 6-node elements (tetrahedron, pyramid and prism) are
also employed but they are treated by the code as hexahedral elements in
which some nodes are coincident. The density and specific internal energy
are assumed elementwise constant and a trilinear local approximation is
used to describe the fluid and mesh velocities.

3.1.1 Semi-discrete mass equation

In updating the mass of an element, the integral form (49) of the conser-
vation of mass is used, which gives

dM*® d
d—t_afv‘,ng—gg,/;J(w-—v)-ndS (59)

where 37, indicates a summation over the eight faces S; of element e, and

the velocities are evaluated in terms of nodal values as indicated by (57).
To stabilize the mass equation, the density g; is computed as a weighted

average of the densities in the elements e and e’ on either side of face J

!

s = ({1 - as)e' + (1 + )] (60)
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For the evaluation of the coefficient a; we first compute the flux F through
face J by

F= sJ(w—v)-ndS (61)

If F is positive, the flux is entering the element e and density g" is favoured
in the weighted average in equation (60) by choosing a; > 0. Conversely,
if ' is negative the flux leaves element e and density ¢° is favoured by
choosing a; < 0. To satisfy these requirements we take

a; = ag Stgn(F) (62)

where 0 < a9 < 1; ag = 1 gives a full donor approximation, ag = 0
corresponds to a centered approximation.

3.1.2 Semi-discrete internal energy equation

Proceeding as described in the previous section for the mass equation and
noting that the pressure, defined by an equation of state of the form p=

f(e,1), is constant over the element, from (52) we can derive the rate of
change of internal energy in an element by

d%-/v‘gidv=;(ei),/sJ(w—V)-ndS—p°£.V-ndS (63)

The energy density gt is computed by

: 1 . we
(8); = 511 = as)(ei)* + (1 + es)(e9)° ] (64)
where e is function of ag as in (62) and the flux F is given by (61)

3.1.3 Semi-discrete momentum equations

The principle of virtual power (55) is applied to derive the semi-discrete
equations expressing conservation of momentum in the finite element mesh.
According to the Galerkin method, the velocity variation is defined as

60.' = N](X)&i).‘] (65)
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where the N;’s are the velocity shape functions defined in (57). Indepen-
dent variations of all velocity degrees of freedom in the mesh are introduced
in turn into the principle of virtual power (55) and by invoking the arbi-

trariness of such variations, the discrete analog to the momentum equations
is obtained.

The semi-discrete equation governing a typical node I is found in the
form

. ON;
z;-/‘” NIQNJU,'J dv = z;./v* N,g(w,- ——vj)-gg;v.-,,dV +

a
Z/V‘ N](Qb;— a:.)dV -

) fs  NiT:dS (66)

where }°, indicates a summation over all the elements to which the node I
belongs, the repetition of subscript J implies a summation over all nodes in
element e, and subscript ¢ denotes components of a vector. The governing
equations for the discrete mesh form a set of ordinary differential equations
in time which may be written in condensed form as

[Mlv=F;+Fy+F,+F (67)

where

e [M] is the global mass matrix consisting, as shown in (66), of element
contributions of the type

M;, = /v _oNiN;dv (68)

e v denotes the global vector of nodal accelerations;

¢ F, indicates global nodal loads induced by transport of momentum;

as shown by ( 66 ), a typical component of vector F, is obtained by
assembly of element contributions of the form

. aN
(Fe,)" = /;, Nro(w; — vj)'g;fvu av (69)
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¢ F, denotes global nodal loads due to body forces pb;
(F.,)’ = /V _Nyebidv (70)

o F, represents the nodal loads induced by the fluid pressure p

(F) = [ Pt av ()

¢ F accounts for the externally applied loads T;
(Far)* = /s NiT; dS (72)

An artificial viscous pressure, g, is added to the fluid pressure p when
calculating shock propagation problems. The viscous pressure used in
EURDYN-3M is composed, as suggested by Wilkins [23], of a quadratic
and a linear term in the divergence of the fluid velocity:

q_{ e[C3*(V-v)*—CLlaV-v] when V.-v<0

0 when V.v>0 (73)

In this expression, | = /V,, where V, is the element volume, a is the
dilatational wave speed and C,, C are numerical coefficients. According
to Wilkins et al. (23], C4 = 2, C, & 0.8 for explicit Lagrangian calculations.

Anti-hourglassing forces may also be applied in EURDYN-3M to control
zero energy modes which arise due to one-point integration of first-order
isoparametric elements. The formulation suggested by Flanagan and Be-
lytschko [24] has been implemented.

3.2 Automatic mesh displacement prescription algo-
rithm

The freedom in moving the fluid mesh offered by the ALE formulation is
very attractive. However, it can be overshadowed by the burden of specify-
ing grid velocities w well suited to a particular problem. As a consequence,
the practical implementation of the ALE description requires that an au-
tomatic mesh displacement prescription algorithm be supplied.
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In the following paragraph we describe an automatic mesh displace-
ment prescription algorithm for three-dimensional finite element meshes
consisting of 8, 6, 5 and 4-node elements (hexahedron, prism, pyramid and
tetrahedron). These elements with linear, or trilinear local velocity field are
the only 3D hydrodynamic elements currently implemented in the J.R.C.

Ispra ALE computer code EURDYN-3M. An early version of the 3D rezone
algorithm was presented in [16].

3.2.1 Rezoning of a generic node.

Consider, as shown in fig.2, a portion of a three-dimensional finite element
mesh consisting of hexahedral, prism, pyramid and/or tetrahedral elements.
To a generic nodal point I we associate an influence domain (dashed in
fig.2) defined by the set of tetrahedra obtained by joining node I to all
nodes connected to it via the element sides.

The basic task of the rezone algorithm is to displace node I so as to
render the tetrahedra defining its influence domain as regular as possible.
In other words, we wish to minimize both the squeeze and the distorsion
of each tetrahedron in the influence domain of a given node.

Let Az;, t =1,2,3 be the displacements of node I required to achieve
its rezone (¢ indicates z,y, 2 components). Consider a generic tetrahedron
(I,J, K, L) in the influence domain of node I as shown in fig.2; after rezone
the tetrahedron basis area a (opposite to node I ) and height h are given

respectively by
a=+pptaqg+rr (74)
h = (pAz, + qAz, + rAzy + 3v’)/a (75)
where, v' indicates the volume of the tetrahedron before rezoning
v = (PZ1r + 9oy + rz31 + u) /3 (76)

while p,q,r,u are the following determinants

1| %2 zs 1
p = 3| T Tsk 1
Ty T3 1
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Ty T3y 1
Tk Zsx 1
Ty z3p 1

_ 1
7= 73

1| Fw T 1
r = -2' Ty Ik 1
Ty, T 1

Ty g Ty
Tik T:K T3k (77)
L T2 ZTsL

= ——

The total volume V of the influence domain and its mean height h are

V = Z v
- k1%
h = 78
> a (78)
where n represents the number of tetrahedra in the influence domain. The

coordinates of the centroid of the triangle defined by nodes J, K, L (fig.3)
are

I = (zis + zik + 2i) /3,1 =1,2,3 (79)

and the distances between J, K, L and the centroid are

Dy,

-

;31(3.'1 - %;)?

3

Dk = \Z(Iix—fi)z

=1

D, =

\ > (o - 2" (50)

The projection of I on the lines joining the centroid and J, K, L gives the

points J',K', L' (fig.3) and the distances between these points and the
centroid are

D:, = i(zﬂ + Az; — 5:,-) * (z.-,, - i,')/DJ

=1
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)
Dy = Z(xu + Az; — %) * (zix — %)/ Dk
i=1
3
'DL = Z(z,-, + A.’D,‘ - f:,') * (:B;L - f")/DL (81)
i=1
These distances are clearly a measure of the distorsion of the tetrahedron,
while the difference h — A is a measure of its squeeze. Considering the
influence domain of node I as a whole we define
E=w3(h—R)"+W; (D))" + (D)’ + (D})’] = minimum (82)

n

as a criterion for minimizing globally the squeeze and distorsion of the
tetrahedra in the influence domain, where

Wl = ;_;
W, = = (83)
* 7 43, (Dt + Dk + DY)

The minimization of (82) with respect to Az; yields a system of linear
equations

[SI{az;} = {R} (84)

where the elements of the symmetric matrix [S] and of the right-hand vector
{R} are

p?
Sn = W) =+

a?
(10 — -'751)2 (z1x — -’T=1)2 (zaL — 51)2
w3 |2 A
q
Sz = Wy, Z—z +
n
(21 — %) (225 — Z,) (1 — Z1)(z2x — ;)
W, Z [ D2 + D2 +
n J K
(z1L — Z1)(zar — Z)
D}
Sis = iy Z 4
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W, Z [ Ty — I (:CsJ — Z3) + (z1x — %) (23K — 5;3)+

D}
(-'Bu, - $1)(23L - -’Cs)
D}

¢
Sy = le—z-i-

(-’Cz.r - xz 2 (2 — 5732)2 (z2 — 3‘72)2
W,
2 YTy T D
r
Sas = leq_

W, Z [ T2y — xz)(z‘u — Zs) n (zax — Eg(;::g,x - :7:3)+

(:z:zL - z%(;u - z3)]

2
r
Sz = WlE§+

(z3s — -'733)2 (z3x — -’73:'.)2 (zsL — -’73:«1)2
W.
D A D}

R = —leg(ﬁ—h)

a

-W, Z[(Iu ~ Z3) P; + (2:x — Z2) Pk + (T21 — Z2) Py

o ()

mal\ a

~W, Y [(zss — Zs) Py + (zak — Zs) Pk + (zsz — Z3) PL)

If To denotes the determinant of the matrix [S] the solution of the linear
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algebraic system (84) is

1 R, 512 Sis
Az, = T R; S3;; S
| Ry Ss; Sss
1 Su Ry Sis
Az, = T Sa1 Ry Sy
9| Ss; Rs Sss
1 Su S Ry
Axs = F Szl Szz Rz (85)
°| Ss1 Ss2 Rs

3.2.2 Rezoning of a node with displacement constraints

If the nodal displacement is constrained to lie in a plane, the minimization
of E in (82) with this constraint gives

2
Az; =) Cjt;, i=1,2,3 (86)

i=1
where Cy; and Cy, 1 = 1,2,3 are the direction cosines of two orthogonal

directions lieing in the plane and t,,t, are easily obtained by solving the
following system of equations

[ 3 3 3 3
2_Cu|2-CuS;)| Y Cu | X CySy
=1 =1 i=1

=1

] 3
> CuR;
21|
> CyuR;

=1

3 3 3 3
{Zcﬁ 2. CiySii| D Cu | CySi
=1 =1 5=1

=1

(87)
If the nodal displacement is constrained to occur along a line with direction
cosines C;,1 = 1,2,3, the minimization of E in (82) with this constraint
gives

Aa:.- = C,'t., 1= 1,2,3 (88)

where t* is given by .

1 = 1=1 C'R‘

=1 Ci(T}-1 CiSij)

(89)
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3.2.3 Implementation of the algorithm

The rezone algorithm described above has been implemented into the ALE
finite element code EURDYN-3M. The code uses an explicit time-integration

method and at each time station a first approximation to the grid velocity
is computed for each ALE node by

Az;
w; = w,?_A' + —_AxT (90)

where At is the time-step size and Az; are given by relations (85). Let f be
for a given node the ratio of the grid velocity and the orthogonal projection
on it of the fluid velocity. The components of the grid velocity computed
by relation (90) are then limited by an empirical inequality of the type

(FA) < f<(+2) (91)

which is dictated by numerical stability and accuracy requirements. In

expression (91) A is a numerical coefficient (0 < A < 1). The magnitude of
the final grid velocity is then evaluated by

= —Avf for: f< -\

for: - A< f<(1+2) (92)
1+ A)v; for: f>(1+)])

.. . ee W e
I
&
-,

g € g

Il
——~

3.3 Numerical time integration

The algorithm for numerical time integration of the semi-discrete conserva-
tion equations for mass, momentum and internal energy is divided into two
phases : Phase 1 is an explicit Lagrangian phase in which convective con-
tributions are ignored and Phase 2, which is also explicit, is the convective
phase.

Explicit time integration methods are only conditionally stable and the
time-step size At must be limited so that sound waves do not travel more
than one element during the time increment.

To enhance the numerical efficiency of explicit time integration algo-
rithms, partitioning techniques are being used, in which different time steps
are used in different parts of the mesh, so as to fully exploit local stability
conditions. However, to simplify the exposition of the two phases in the
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present time integration procedure, time integration based on a single time
step will be considered first. Details on the practical implementation of
partitioning techniques will be given in section 3.3.3.

The two phases in the explicit time integration are as follows :

3.3.1 PHASE 1 : Lagrangian calculation
Let superscript n denote the time level, so that t* = Y. At and t"t! =
" + At.

The fluid velocity at time t*+!/2 is calculated first from the momentum
equations (67) and using a diagonal mass matrix

At _
VR = ity SR LR 4 Fp 4 B (93)

Here, F; is the nodal load (69) induced by momentum transport arising
from the previous time-step Phase 2 calculation (see eq.105 below).

Then, the following Lagrangian quantities (denoted by the superscript
L) are evaluated :

e Nodal coordinates :

xl = x" + Aty (94)
e Element volume :
V. = f(x") (95)
¢ Element density : .
;= ]“Zz (96)

e Element internal energy and pressure (by iteration on 97 and 98) :

VeL — Ven
My
pe = flelif) (97)
L _ o Lee+p)(VE-V)

e e 2 Men

_mn n
1 = i, — P,

(98)
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The above L-values represent the end-of-step values in case of a purely
Lagrangian calculation. In the Eulerian or ALE case, contributions from
the convective terms in the conservation equations must be added to the
time-advanced L-values. This is the objective of Phase 2.

3.3.2 PHASE 2 : Convective transport

We assume that the mesh velocities w"+1/? have been evaluated using the
automatic rezone atgorithm described in sections 3.2.1, 3.2.2 and 3.2.3. The
following end-of-step quantities are then evaluated in sequence :

e Nodal coordinates :

x™t1l — x" + At wn+l/2 (99)

¢ Element volume :
‘/:H'l — f(xn'i'l) (100)

o Element mass (see eq.59) :

MM = M 4+ At z o (wj — v;)"*n; ds (101)

¢ Element density :

1 Mn+l
ot = Vot (102)
[

Element internal energy (see eq.63) :

1 MY LAt :
= St g £, Oy - ) ngds (103)

Element pressure :

Pt = fleet i) (104)
* Nodal loads due to momentum transport (see eq.69) :
Fir = /N,gf(w,- vt gy (105)
61:,-

This completes the two steps contained in a cycle of the explicit time inte-
gration procedure.



3.3.3 Time partitioning

An explicit-explicit time partitioning, first introduced by Belytschko [21]

(see also [22]), has been implemented in the code EURDYN-3M. It uses the
following rules:

o fort each nodal point I, the critical time step Ai} is the minimum
critical time step found in the elements to which the node belongs;

e the time step At; used in the integration of the equation of motion
at each node is given by:

min

2FALE < Aty < 2FH1Age 106
msn

where At7; is the minimum critical time step found in the mesh and
k is a positive integer;

e the element variables (density, internal energy and pressure) are up-
dated whenever a new acceleration has to be computed at a

node of the element. Linear displacement interpolations are used for
the element nodes with larger critical time steps;

e when the node with the largest critical time step in the mesh has been
integrated forward in time, all the element variables are advanced and
a new time-partitioning cycle is entered.

With this technique the nodes with the smallest critical time step are in-
tegrated at every time step, while the other nodes are only periodically
processed. The element computations required to evaluate the nodal loads
are consequently reduced with respect to a procedure based on a single
time step throughout the mesh.

This improves the efficiency of the numerical time integration process
and saves computer time.
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Figure 2: Influence domain of a node I in a three-dimensional mesh.
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Figure 3: Generic tetrahedron in the influence domain of node 1.
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4 Structural analysis algorithm

A 4-node thin-shell element is used in EURDYN-3M to model the contain-
ment vessel in fluid-structure systems.

The element results from the degeneration of an 8-node isoparametric
continuum element obtained upon introduction of classical thin-shell hy-
potheses. The formulation of the element follows the lines indicated by
Hughes [25],(26],(27),(28] and is presented in detail by Casadei in reference
29].

The elastic-plastic response of the structural material is idealized through
a trilinear stress-strain diagram. The material is assumed to satisfy the von
Mises yield criterion and an isotropic hardening rule is considered. Nu-
merical integration of the constitutive law is based on the classical elastic
predictor-radial return concept.

An explicit central-difference method is used to update displacements
and velocities in the structural mesh:

n+1

u = u"+ Atvy"t/? (107)

vtz = 12 At " (108)
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5 Fluid-structure coupling

Suitable conditions must be prescribed along fluid-solid interfaces to allow
relative sliding of the fluid and solid. Two distinct techniques are employed
in EURDYN-3M to deal with fluid-solid interfaces. The first applies to
the permanently submerged parts of the structural domain and makes use
of the freedom allowed by the ALE technique to force the fluid nodes to
remain contiguous to the structural nodes, so that all nodes on the sliding
interfaces remain permanently aligned. The second technique is used where

fluid and solid nodes cannot be kept aligned, in this case Lagrangian sliding
surfaces are employed.

5.1 ALE sliding surfaces

The purpose of this paragraph is to show that fluid-structure coupling may

be achieved in a very simple and elegant manner if the fluid is treated in
the ALE formulation.

5.1.1 Computation of nodal accelerations

In order to illustrate the coupling procedure along fluid-solid interfaces, let
us consider a structural member embedded in a fluid which is allowed to
slide along the faces of the structure. As shown in fig.4, two nodes are
placed at each point of the interface: one fluid node and one structural
node.

Since the fluid is treated in the ALE formulation, the movement of the
fluid mesh may be chosen completely independent from the movement of
the fluid itself. In particular, we may constrain the fluid nodes to remain
contiguous to the structural nodes, so that all nodes on the sliding interface
remain permanently aligned.

It is clear that such a permanent alignment of nodes along the inter-
face greatly facilitates the flow of information between fluid and structural
domains and permits fluid-structure coupling to be effected in the simplest
manner.

The following conditions are prescribed at each point of the interface
between an inviscid fluid and a deforming structure:
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1. the grid velocity of the fluid coincides with the material velocity of
the solid;

2. the normal velocity of the fluid coincides with the normal velocity of
the solid;

3. the tangential velocities of the fluid and the solid are unconstrained.

In order to specify the above conditions, a local coordinate system t;,¢3,n
is set up at each node of the interface (fig.4), so that ¢, and ¢, lie in a plane
tangent to the sliding interface and n is normal to it. See next paragraph
for the selection of the tangent plane orientation.

Indicating by w the grid velocity and by v the material velocity and
using the subscripts F,S to indicate the fluid and the solid and n,t,t,
to indicate respectively the normal and tangential directions, referring to
fig.4, the condition under point (1) implies that

Wp =Vg (109)

The conditions under points (2) and (3) are enforced through the nodal
loads. The condition of common normal velocity implies that

VUFn = Ugn (110)

Since the two nodes must have a common normal velocity at all times, we
prescribe that

d
E (V};I - Vs) . n] =0 (111)
or d
. . n
(VF_VS)'n'*'(vF_vS)':E:O (112)
Now
dn  nttbt _ pt
_—— 113
dt At (113)
and since
(VP —vs)-n=0 (114)
relation (112) reduces to
Dpn — Dga = om0 (115)

At
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Thus, the condition of common normal velocity implies different normal ac-
celerations at the two nodes if the normal to the interface changes direction
with time. To evaluate these normal accelerations, we pose

i’Fu = @, + apy,
USn = @+ as, (116)

where a, is a common normal acceleration, and ap,,as, are individual
complementary accelerations.

The common normal acceleration @, is obtained from the equation of
motion

where, referring to fig.4, M and Ms5 are respectively the mass contributed
by the elements adjacent to the fluid and solid nodes. The normal load F,
is obtained by transformation into the (t1,t2,n)-system of the assembled
internal nodal loads F;, 1 = 1,2,3 contributed by the relevant fluid and
solid elements.

In view of (115 and 116), the complementary accelerations are linked
by
USn — UFn
QFn — QSp = nAt = An (118)
and a second relationship between these accelerations may be obtained from

the requirement of equilibrium which reads

Mrapn + Msas, =0 (119)
It follows that
Ms
R v Ay Y
—Mp
o= kA 120
as Mr + Ms (120)

This completes the computation of normal accelerations which ensure a
common normal velocity at the fluid and solid nodes on the interface.

The tangential velocities at the fluid and solid nodes are unconstrained
and result from the equations of motion

Mgsvsy, = Fg,
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Msﬁsh = Fs:,
Mpope, = Fpy,
MF')th = FF‘: (121)

where the tangential loads are again obtained by transformation into the
(t1,t2,n)- system of the assembled internal forces F;,1=1,2,3.

5.1.2 Tangent plane orientation

In general the element faces around a node belonging to a sliding surface are
not parallel. It follows that, if the tangent plane orientation is not properly
defined, the fluid tangential velocity at the inteface node may produce a
spurious transport of fluid across the intersecting sides.

The amount of fluid lost on some faces may be compensated by the
amount gained on other faces by a suitable choice of the tangent plane
orientation to which the tangential velocity is assumed to be parallel.

If S;, ¢+ = 1,2,3 are the projections of the surfaces of the faces sur-
rounding a given node on the planes z, — z3, 3 — z; and z, — T3, an

exact compensation of the spurious fluxes can be obtained by imposing the
following condition

3
> v%Si=0 (122)
=1

where v;, 1 = 1,2,3 are the components of the tangential velocity in the
global reference system z,, z,, zs.
Posing

3
§=1
and dividing equation (122) by S we obtain
3
v;5;
=0 124
2275 (124)

This means that the spurious transport of fluid vanishes if one selects the

tangent plane as being perpendicular to the direction defined by the fol-
lowing direction cosines

Si .
cosey = =, 1= 1,2,3 (125)

a4
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5.2 Lagrangian sliding surfaces

Under some circumstances (e.g. near a fluid free surface), interface nodes
cannot be kept aligned and Lagrangian sliding surfaces must be introduced
to treat fluid-structure interaction.

The interface involves two Lagrangian surfaces: the first consists of fluid
nodes while the second consists of structural nodes.

In EURDYN-3M the problem of fluid-structure coupling along Lagrangian
sliding surfaces is faced by preparing a new fluid virtual surface, equiva-
lent to the real one, but with nodes which coincide with those of the solid
surface. It then follows that the nodes of the fluid virtual surface and of

the solid surface are aligned and their accelerations can be computed as
described in section 5.1.

5.2.1 Nodal masses and loads for fluid virtual surface

In the actual fluid sliding surface we define the domain D; of a given node
I as the sum of the surfaces of the element faces to which the node belongs.
We assume that the loads F.f ¢ and mass M/¢ per unit surface in an element
face are given by the sum over the nodes defining the face itself of the nodal
loads and masses divided by their domain surface

Fi
Fle = L
] n DI
Ml = A'—% (126)
I

where 1 indicates the vector components, and I the face nodes. Every face
of the actual fluid surface covers one or several parts of the virtual surface
faces (fig.5). The nodal loads and masses F,;, M of this last surface may be

obtained from the contributions of every covered part S? by the following
integrals

Sp

M, = / NyM?e dS (127)
Sp
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where F/*, M/¢ are the loads and mass per unit surface of the relevant

face, and N; are the corresponding shape functions. These integrals are
numerically evaluated in the code using a 2 x 2 Gaussian rule.

5.2.2 Computation of nodal accelerations

Considering the fluid virtual surface and the solid surface and assuming the
tangent plane orientation as defined in section 5.1.2 to obtain the (t1,t2,n)-
system, the nodal normal accelerations can easily be computed by relation
(117) while the tangential accelerations for the solid result from the equa-

tions of motion
Msvsy, = Fg,
Ms"’St, = F Sta (128)

The normal acceleration for the actual fluid nodes is set equal to the normal

acceleration at the adjacent point on the solid surface and computed using
relation

VFn = ) Nytsny (129)
7

where N; are the shape functions of the adjacent solid node and J the
relevant nodes of the solid element face.

The tangential fluid accelerations, that are unconstrained, may be ob-
tained from the equations of motion

MFf)Ft, = FFu
Mpipy, = Fry, (130)

The complementary accelerations are computed using (120) where masses
and velocities for the fluid are the nodal values while for the solid they are
evaluated at the adjacent point in the solid face by the relations

Vsn = Y Njusns
J

Ms = ZNJMSJ (131)
J

For the fluid nodes the complementary accelerations are then added to
those abtained by (129), while for the solid nodes they are multiplied by
the shape functions and added to those obtained by (117).
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Figure 4: ALE sliding surfaces. Local coordinate system (t1,t2,n) at each
node of the fluid-solid inteface.
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6 Applications

As an illustration of the ALE finite element modelling procedures discussed

in the present paper, we shall present results for two test problems obtained
using the new three-dimensional finite element computer code EURDYN-
3M, release 1, recently developed at J.R.C. Ispra.

These two problems, the first of which is purely structural while the
second involves fluid-structure interaction, have been chosen for their ability
to validate the new code against existing reference solutions.

6.1 Spherical cap

An academic problem consisting of a rigidly clamped spherical cap (fig.6),
externally loaded with a constant pressure P(t) = 600 starting at time

t = 0, has been run to check the structural module of the EURDYN-3M
code.

Only a symmetric sector has been discretized using 26 shell elements
(fg.7) and suitable displacement and rotation constraints have been im-
posed to the nodes belonging to the symmetry plane.

The properties of the employed elastic-plastic material are (nondimen-
sional units):

e initial density: 2.45 x 10~4;

¢ Poisson’s ratio: 0.3;

* Young’s modulus: 1.050 x 10;

* bilinear stress-strain law (isotropic hardening):

first yield stress: 2.4 x 10%;
first hardening slope: 2.1 x 10°.

Computed deformed meshes at various times are shown in fig.8. Histories of
the external pressure work and of the apex deflection are shown in fig.9. Our

computations are in good agreement with results obtained using different
elements and codes [18].
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6.2 Thin cylindrical vessel with hemispherical bot-
tom

As example of fluid-structure interaction, the dynamic response of a thin
cylindrical vessel with hemispherical bottom has been computed (fig.10).
The vessel is nearly completely filled with water and loaded by the deto-

nation of an explosive charge located on the axis. The top of the vessel is
clamped on a rigid cover.

The employed finite element mesh for a symmetric sector of the config-
uration is shown in fig.12; it consists of 23 shell elements for the vessel and
258 hydrodynamic elements to model the charge and the water. The air
gap above the water free surface is modelled as a void. Fig.11 shows the
vessel thickness as a function of the distance from the rigid cover.

The interface between the explosive charge and the water, as well as
the water free surface have been taken as purely Lagrangian. The rest of
the hydrodynamic domain has been treated in the ALE formulation and
the corresponding nodes have been moved automatically by the computer
program.

Sliding of water along the flexible vessel has been treated in ALE form,
except for the 9 edges near the free surface where Lagrangian sliding sur-

faces have been introduced to deal with interface nodes which do not remain
aligned.

The properties of the explosive charge are [19]:
¢ initial density go = 270 (Kg/m?);
e constitutive law:
P = A[l-E,/(CV)]exp©”

+B(1 - E;/(DV)]exp~?¥
+(eot — E1)E;/V (M Pa)

where:
V = go/e;
A = 17039.0;

B = 1159.5;
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C =9.0;
D =2.4;
E, =1029.0;
Ez = 0.1;
and: goto = 1629.0 (M Pam3/m?3).
The properties of the water are:
* initial density: go = 1000 (Kg/m?);

e constitutive law:

P =1.0 x 10°P, P; + 2.0Bspi/V (MPa); (132)

where:

V =0o/e;
Py = Py(B, + A, P; — ByP?)
P,=10-Bs(1-V)/V
if(V = 1) then Py = 0.0

else Py = [Z + /27 + 4,(1 - V)] /14s(1 - V)]
Z=A(1-V)-1;

A, = 2.086;
A, = 0.8293;
As = 2.796
By = 0.1483;
B, = 1.398;
B3 =0.14

and: gofp = 0.0 (M Pam?/m3).
The properties of the elstoplastic vessel material are:
e initial density: 7900 (Kg/m?3);

¢ Poisson’s ratio: 0.3333;
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* Young’s modulus: 1.93 x 10° (M Pa);
o trilinear stress-strain law (isotropic hardening):

first yield stress: 275.0 (M Pa);

first hardening slope: 5895.0 (M Pa);
second yield stress: 354.0 (M Pa);
second hardening slope: 1867.0 (M Pa).

Fig.13 shows the deformed configurations of the computational mesh
at times 1, 2, 3 and 4 ms. The important increase of the charge volume,
the progressive impact of water on the rigid vessel-cover and the successive
deformation of the vessel itself are clearly seen on the figures.

One also notes that the automatic mesh displacement prescription al-
gorithm has performed quite well.

Fig.14 gives a comparison between the EURDYN-3M and EURDYN-
IM (2D-a.xisymmetric) results for the meridional profiles of the longitudinal
and hoop strains. A fairly good agreement between the two computations

may be noted in spite of the coarse 3-D discretization employed in the
circumferential direction.
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Figure 6: Spherical cap problem,



_45-

Figure 7: Finite element mesh for spherical cap problem.
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Figure 8: Spherical cap computation. Deformed mesh
at various times (displacements magnification factor

(c) t=5x107%;

(v) t=3x107% ;

8x10"4 .

(a) t=1%10"% ;

=10):

(e) ¢

(d) t=7»10"%;
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